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Abstract

Biofilms are fascinating structures built by microorganisms almost everywhere. They can be
found in wide range of places: from wounds to river beds to extreme environments. Biofilms
have been instrumental in treatment of polluted environments while on the other hand, they
are a dangerous entity causing numerous health concerns. This dual nature calls for a need
to understand the workings of the biofilm, how they form, what affects them etc. Different
species of microorganisms like bacteria, fungi or protozoa form different kinds of biofilms.
Common features of all biofilms: biofilm matrix and its components, the stages of formation,
etc. are also covered. Focus is given on filamentous fungal biofilm. These biofilms show
branching patterns during growth and in the end a network of filaments (hyphae) is formed.
Their growth process is discussed. A good test of our understanding of the processes is to
mathematically model them. A continuum model with system of five coupled partial differ-
ential equations is introduced which models the filamentous fungal growth. Every process
from the intake of nutrients to the branching of filaments is modelled. Simulations of a single
inoculation site and its results are discussed via several plots. The mechanism of distribution
of nutrients inside a hyphae (translocation) is found to be of two types: Passive and Active.
The roles played by each of them and how they affect the growth of the biofilm with changes
in the growth conditions are also covered. In experiments carried out in [1], the inoculum is
distributed all over the domain. To mimic that to an extent, multiple inoculation sites were
simulated and analysed. This thesis covers only simulation of the growth of the biofilm in a
homogeneous external substrate. Actual experimental conditions are heterogeneous and that
would be worth exploring in the future.
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1 An Overview

1.1 Why model biofilms?
There is good and bad in everything. There are good and bad biofilms too. Good biofilms are useful
in sewage/waste-water treatment and decontaminating polluted areas where the microbes form a
network of clusters and break down the organic material by consuming required nutrients [2](Fig.
1). Bacterial biofilms are used in food fermentation, microbial fuel cells, biofouling, prevention
of corrosion etc. [3]. Bad biofilms are the leading cause of most of the health infections (for
example, dental plaque, ear infections, cystic fibrosis etc.). Some biofilms show anti-microbial
resistance making them difficult to deal with. Some begin to grow in the medical devices/implants
(catheters, prosthesis, etc.) and affect their function [2]. Fungal biofilms have been posed as a
clinical and an economic problem (Fig. 1). They are complex structures which make it difficult to
diagnose and eradicate [4]. These make it important to learn about the biofilms. Understanding
the inner workings of the biofilm can help us take advantage of their useful properties and tackle
the dangerous ones. To bridge the gap between the experimental and theoretical understanding,
modelling and simulations are extremely helpful. Another reason to model biofilms is that they
are one of the oldest lifeforms and have some ingenious communication networks established at
cellular level. Biofilms can be considered to be a micro-community of cells where different tasks
are distributed to different cells depending on the type of species [2]. Looking at the biofilms under
microscope reveals the intricate architecture of channels for transport of water or nutrients. Such
complex structures built by what seem to be simple life-forms are worthy of exploration.

(a)

(b)

Figure 1. Top: Biofilm related infections. In red, biofilms grow on tissues, In purple biofilms grow in
the implanted device. Image taken from https://www.frontiersin.org/files/Articles/505365/frym-08-00062-
HTML/image_m/figure-1.jpg. Bottom: An algal biofilm reactor used to treat polluted water. Image taken
from [5].
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1.2 Why do microorganisms form biofilm?

It is typically assumed that the microorganisms exist individually (planktonic form). But extensive
research has found that there are advantages for microorganisms to exist as a community (or
biofilm). Forming a biofilm lends protection from the environment, and resistance to physical and
chemical removal [4]. Microorganisms have been observed to show different properties when they
exist in a biofilm as compared to when they exist individually; for example, antibiotic resistance and
protection from defence mechanisms. Biofilm provides transport networks for nutrients and easy
intake from the environments. The EPS secreted by the microorganisms contain some hydrophobic
components which act as a skin that help combat desiccation. In other words, the quality of life
in a biofilm is much better. Few more perks of biofilms are shown in Fig. 2.

Figure 2. Perks of being a part of biofilm. Image taken from [6]

Figure 3. Few examples of biofilms. Image taken from https://www.interdisciplinary-laboratory.hu-
berlin.de/media/images/ArchitekturundMorphogenesevonBiofilmen_web.width-960.png

1.3 What are biofilms made of?

Interestingly, the microorganisms make up only 10% of dry mass of the biofilm. The remaining part
is the biofilm matrix. The matrix is an assortment of various biopolymers known as Extracellular
Polymeric Substances (EPS) produced by the microorganisms. The matrix keeps the microor-
ganisms close together and provides stability and architecture to the biofilm. EPS is made up of
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several components [6][7]:

� polysaccharides

� proteins

� DNA

� enzymes

� some inorganic substituents

. Each of these components have an important role to play in the community known as biofilm
(Fig. 4). The largest component of the matrix is water and there are special channels/pores inside
the biofilm for the transport of water. The matrix creates an environment where the water inside
the biofilm does not dry quickly giving a stable water potential. For a detailed information on the
role of each of the components, refer Fig. 5.

Figure 4. (a) A model of bacterial biofilm attached to a surface. (b) Major components of the matrix.
Image taken from [6]

6



Figure 5. Components of EPS and their roles. Taken from [6],

1.4 Classification of biofilms

Figure 6. Biofilm classification

Majority of the biofilms can be classified into fungal and bacterial biofilms. Under fungal biofilms,
there are two main subgroups: yeast biofilms and filamentous fungal biofilms. The process of
formation of bacterial and yeast biofilms are the same while that of filamentous fungal biofilms is
very different.
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1.4.1 Similarities and differences between bacterial and fungal biofilms

a) Similarities in the process of formation

The process of formation of bacterial and fungal biofilms are similar in the sense that the
whole process can be divided into several stages (Fig. 7) where at first individual cells
find their way to a surface and attach themselves to it. Then each cell starts to grow and
start to produce EPS. During this growth and EPS production, the cells begin to cluster
together. This cluster starts to mature and grows in thickness until external factors lead to
detachment of some cells, starting the cycle again.

b) Differences in the process of formation

To form a bacterial or yeast biofilm, the microbes undergo reproduction and each cell
separates into two daughter cells (binary fission). This process happens for all the cells
leading to increased EPS production and collective motion. On the other hand, to form a
filamentous fungal biofilm, the fungal spore does not undergo binary fission. Rather, it starts
to extend into a filament-like structure (hypha) and create new branches. These branches
fuse with other branches forming an interconnected network of filaments. Further details of
filamentous fungal biofilm formation is discussed in the next section.

Another differentiating point is that fungi has more than one planktonic form: spores,
sporangia, hyphal fragments. There is also an aerial component in fungal biofilms which is
not found in bacterial biofilms. For example, the hyphal filaments can extend into the air
or the fungal spores can float in the air before attaching to a surface [8].

(a)

(b)

Figure 7. (a) Bacterial biofilm life-cycle along with the relevant scales. Image taken from ref: Hydrody-
namics and surface properties influence biofilm proliferation. (b) Filamentous fungal biofilm life-cycle. (i)
adsorption (ii) active attachment (iii) microcolony (iv) mycelial development (v) mature biofilm, and (vi)
dispersal of planktonic forms. Image taken from [8]
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2 Filamentous Fungal Biofilms

2.1 Stages of formation

In the previous section, the formation of filamentous fungal biofilm was introduced. This section
will discuss the details (Fig. 8). When a fungal spore is dispersed, it remains dormant at first.
When there are enough nutrients, the spore comes out of dormancy and swells up. During the
swelling, a polarity is established which acts as a guiding hand for the extension. This leads to the
growth of the filaments which happens due to the extension of the tips resulting from the uptake of
cellular material. There are subcellular organelles and molecular motors inside the tip which gets
activated when nutrients are sensed in the vicinity. This leads to protein synthesis and creation
of new cell walls. As growth happens, the hyphae divides into branches. The hyphae can branch
at the tip or at the intermediate regions (Fig. 9) or can fuse into other hyphae or tips (Fig. 10).
This fusion is called Anastomosis.

Figure 8. Typical development of filamentous fungal biofilm. Image taken from [9]

Figure 9. Types of branching. Image taken from [10]
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Figure 10. Types of fusion. Image taken from [10]

Usually there are three different types of hyphae formed: aerial, biofilm and penetrative (Fig. 11).
This thesis will focus on biofilm hyphae. The hyphae at the interface of biofilm and substrate (over
which the spores are dispersed) has access to nutrients. This leads to a steep concentration gradient
within the substrate. If the rate of intake is high, then the biofilm will start to grow thicker with
the regions far away from the substrate lacking access to nutrients. At the air-biofilm interface,
the hyphae take up oxygen to grow. Since the process of intake of oxygen is diffusion, it is a slow
process. This leads to the hyphae at biofilm-substrate interface starving for oxygen. This gradient
in concentration across the biofilm can determine how the biofilms grows. The aerial hyphae can
be squashed down by agitating the system after some static growth (Fig. 12).

Figure 11. Phenomena involved in the growth of biofilm, penetrative, and aerial hyphae. �Long triangles�
represent diffusion down concentration gradients. �Dotted arrows� represent flow of water or cytoplasm.
�Dashed arrows� represent transport of vesicles. Image and caption taken from [11]
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Figure 12. Growth of filamentous fungal biofilm on a surface leading to formation of different types of
hyphae: aerial hyphae, biofilm hyphae and penetrative hyphae. Taken from [11]

2.2 Classification of Mathematical models

Mathematical models of filamentous fungal biofilms are classified into three types based on the
scale: [11]

� Microscale models (�m)

This is suited for cases when a part of an individual hyphae and processes inside it needs
to me modelled. Best suited for modelling intracellular transport which are related to tip
growth. The molecular motors near the hyphal tips responsible for the extension and intake
can be investigated.

� Mesoscale models (mm to cm)

This is for modelling anything between a single hyphae and a biomass. Best suited to model
growth of colonies along with the effect of extracellular nutrients on the growth. Branching
and direction-changing growth can be covered.

� Macroscale models (cm to m)

To model a biomass or larger systems. This is suitable to study the performance of the
bioreactor on which the biofilm is being grown. Mass and heat transfer between particles
can be studied.
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In this thesis, a mesoscale model is considered.

2.3 Boswell's model

This thesis will discuss a modified model based on [12][13]. In this model the mycelium/fungal
biomass is considered to be made of distribution of three main components: Active hyphae, Inactive
hyphae and Hyphal tips [10].

� Active Hyphal density (�)

This represents the hyphae/filaments which are actively involved in taking in nutrients
from the surroundings to grow. This intake of nutrients from the external environment and
movement of nutrients inside the hyphae is called Translocation . Active hyphae are the
growing part of the biofilm.

� Inactive Hyphal density (�0)

The hyphae which remain dormant or are not involved in branching or translocation are
Inactive hyphae. This is common when a hyphae fuses into another hyphae which means it
does not have scope to grow more. This model does not consider the reactivation of inactive
hyphae which has been observed experimentally when there is temporal heterogeneity in
nutrients [14]. So we assume that anastomosis leads to inactive hyphae.

� Hyphal tip density (n)

These are the ends of each hyphae which lead the growth process.

The biomass grows by taking in nutrients from the surroundings. The nutrients inside the hyphae
is represented by si¡ internal substrate concentration, and the nutrients in the surrounding is
represented by se¡ external substrate concentration. This model does not consider the effects
of the physical boundaries on fungal growth. The external environment is considered to be two-
dimensional as a result of the assumption that the gradients along the depths are negligible.
Therefore, the whole mycelium can be approximated as a two-dimensional entity. It has been
observed experimentally that the mycelium has a fractal structure [15]. This means that the
nutrient diffusion time inside the mycelium is less than in the exterior. This can be modelled by
taking the diffusion coefficient inside mycelium to be greater than that in the exterior.

2.3.1 Formulation

The main features of this model and the corresponding PDEs are: (written in terms of J and f
which denote the flux (migration) terms and reaction (creation/loss) terms respectively)[12][13]

i. New hyphae are created by movement of tips

change in active hyphae = new hyphae(convection and diffusion of tips) ¡
inactivation of active hyphae

@�
@t
= f�(�; �0; n; si; se)

Since the tip is the motile part of the mycelium, hyphae can be considered to be the trail
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left at the wake of the tip motion. So number of tips multiplied by the distance moved by
the tip in a short period of time (velocity) gives the amount of hyphae created. Therefore,
the total hyphal length per unit time can be represented by the absolute value of the tip
flux : jJnj. Some parts of the mycelium become inactive and as per our assumption stated
earlier, anastomosis leads to inactivation. Inactivation is modelled by a reaction term with
rate d�. Incorporating all these as the f� term gives

@�
@t
= jJn(�; �0; n; si; se)j ¡ d��

Experimental observations show that the hyphae grow in a straight line for the most part.
They (tips) also show small random changes in direction. These two processes are modelled
by a convective and a diffusive term respectively inside J�. It is important to note that the
growth happens only when the hyphae gets the energy (internal substrate). So if si= 0,
then J�= 0: The convective flux happens in such a way that the hyphae avoids its own
trail, or in other words, growth proceeds in the direction of decreasing hyphal density. So
the convective term is: ¡nv (si;r�) where v is the velocity vector assumed to be a bilinear
function of si and r�. The diffusive term is modelled as: ¡Dn(si)rn where Dn(si) is the
diffusion coefficient assumed to be a linear function of si. Combining these two gives Jn= -
nvsir�¡Dnsirn

) @�
@t
= jnvsir�+Dnsirnj ¡ d�� (1)

ii. Hyphae can become inactive and either remain inactive or die

change in inactive hyphae= inactivation of active hyphae¡ death of inactive hyphae

@�0

@t
= f�0(�; �0; n; si; se)

The rate at which active hyphae become inactive is d� and the rate at which the inactive
hyphae die is di. In the absence of detailed experimental evidence and to be consistent with
the reaction term in Eq. (1), both processes are modelled as: f�0= d��¡ di�

0
. This gives,

) @�
0

@t
= d��¡ di�

0
(2)

iii. Hyphae and tips can either branch out or fuse via anastomosis

change in hyphal tips= tip influx and outflux+branching of active hyphae¡ anastomosis

@n
@t

=¡r:Jn(�; �0; n; si; se)+ f�(�; �0; n; si; se)

The term f� corresponds to the creation and loss of hyphae. Creation of hyphae is the
branching process, and as seen in Fig. 9, there are two types. The exact process that leads to
branching is still an area of research but a highly probable mechanism is the turgor pressure
from the accumulation of ionic gradients and internal substrate at the tips. Assuming this,
the branching requires internal substrate and a linear relationship between branching rate
and si is taken for simplicity; �si is the per-unit length branching rate. This gives us �si�
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to be the creation term. Loss of hyphae is the anastomosis process (Fig. 10). Anastomosis
depends on the tip density (n). So the rate of fusion is taken to be linearly dependent on
n. This gives us ¡�n� as the loss term. With tip flux (Jn) from Eq. (1),

) @n

@t
=r:(vsinr�+Dnsirn)+�si�¡ �n� (3)

iv. Tip extension and growth are influenced by the internal nutrients

change in internal substrate = active and passive translocation +
nutrient intake byhyphae fromexterior¡hyphaemaintanence costs¡hyphae growth cost¡
active translocation cost

@si
@t

=¡r: [Ji
passive(�; �0; n; si; se)+ Ji

active(�; �0; n; si; se)]+ fi(�; �0; n; si; se)

Here, fi is the absorption and loss of internal substrate. The process of intake of substrate
is an autocatalytic process: internal substrate is used to absorb further substrate via active
transport. So, the intake of nutrient depends on the amount of hyphae, amount of internal
substrate, and the amount of external substrate available. Again, for simplicity, linear
dependence is considered, giving us: c1si�se. The biomass uses energy (here, substrate) for:
intake, maintanence and growth. Using energy has costs associated with it. Intake cost is
taken care by choosing an approprate value for c1. Active translocation needs energy, while
passive translocation does not. Active translocation cost is assumed to be proportional to
the absolute value of flux of internal substrate moved : c4jJiactivej. Biomass growth happens
due to the energy to extend the tips and therefore the cost is proportional to the tip flux:
c2jJnj. Maintanence cost is included in the growth cost. We get fi= c1si�se¡ c2jJn(�; �0; n;
si; se)j ¡ c4jJiactive(�; �0; n; si; se)j: See Table 1 for definitions of the parameters.

Passive translocation is the major process behind the redistribution of internal substrate.
The passive flux of internal substrate through the biomass will be dependent on the hyphal
density; dense mycelium sees higher flow. So, passive flux is linearly proportional to �:
Ji
passive=¡Di�rsi. Active translocation is the process behind tip extension. Tip extension

requires enough energy (internal substrate). It is logical to assume that the active flux will
be dependent on the tip density; greater the number of tips, greater the internal substrate
demand. To show that the substrate is moving through the biomass, we assume a linear
dependence on �: So active flux is given as: Jiactive=Da�sirn. Combining all these, we get:

) @si
@t

=r:(Di�rsi¡Da�sirn)+ c1si�se¡ c2jvsinr�+Dnsirnj ¡ c4jDa�sirnj (4)

v. Internal nutrients are different than external nutrients

change in external substrate = external substrate diffusion ¡
nutrient intake by hyphae from exterior

@se
@t

=¡r:Je(�; �0; n; si; se)+ fe(�; �0; n; si; se)

The term fe describes the substrate depletion and therefore must be similar in form as the
substrate absorption (fi): fe=¡c3si�se. Keeping in mind the intake cost discussed above,
the value of c1<c3: external substrate is not completely converted into internal substrate.
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The movement of external substrate (se) is modelled as a standard diffusion: Je=¡Derse.
This gives,

) @se
@t

=Der2se¡ c3si�se (5)

Eqs. (1)¡(5) are a set of five coupled equations of mixed parabolic-hyperbolic type. The definition
of the parameters in the equation are given in Table 1.

Parameters Description
v Directed tip velocity
d� Hyphal inactivation rate
di Inactive Hyphae loss rate
� Branching rate
� Anastomosis rate
c1 Uptake rate of external substrate
c2 Growth rate - amount of substrate required to extend a hyphal tip
c3 Uptake of external substrate
c4 Active translocation cost
Dn Tip avoidance cost
Di Internal substrate diffusion coefficient
Da Active translocation rate
De External substrate diffusion coefficient

Table 1. Parameters

3 Simulation & Results

3.1 Geometry

The simulations are performed in COMSOL Multiphysics software. A circular domain of radius
2cm with a smaller circle of radius 0.2cm is built (See Fig. 13). The smaller circle is the inoculation
site. Physics-controlled meshing is used with the Finer element size option (Fig. 13).

Figure 13. Geometry and meshing used for simulations.
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3.2 Model set-up (Initial and Boundary conditions)

Each of the Eqs. (1)-(5) are set up using the Coefficient Form PDE Phyiscs module. Coefficient
Form PDE is of the form:

ea
@2u
@t2

+ da
@u
@t

+r:(¡cru¡�u+ 
)+ �:ru+au= f

where u= [�; �0; n; si; se]T and r=
h
@

@x
;
@

@y

i
. So, the model equations can be entered by defining

ea= a= �= 
=0, along with

da=

0BBBBBBBBBB@
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

1CCCCCCCCCCA;

c=

0BBBBBBBBBB@
0 0 0 0 0
0 0 0 0 0
0 0 Dnsi 0 0
0 0 0 Di� 0
0 0 0 0 De

1CCCCCCCCCCA;

�=

0BBBBBBBBBB@
0 0 0 0 0
0 0 0 0 0
0 0 vsir� 0 0
0 0 0 ¡Da�rn 0
0 0 0 0 0

1CCCCCCCCCCA;

f =

0BBBBBBBBBBBB@
jnvsir�+Dnsirnj ¡ d�� [cm¡1day¡1]

d��¡ di�
0
[cm¡1day¡1]

�si�¡ �n� [cm¡2day¡1]
c1si�se¡ c2jvsinr�+Dnsirnj ¡ c4jDa�sirnj [mol cm¡2day¡1]

¡c3si�se [mol cm¡2day¡1]

1CCCCCCCCCCCCA
No Flux boundary condition is applied to the boundaries of the outer circle. For each of the five
quantities, initial conditions are as follows:

�initial= �0 f(r);

�initial
0 = �0

0 ;

ninitial=n0 f(r);

siinitial= si0 f(r);

seinitial= se0;

where f(x)=1¡ tanh(800000r2). The initial conditions represent the inoculum to be distributed
in such a way that the density/concentration value is maximum at the centre of the inoculation
site and falls to zero smoothly at r= 0.2cm according to f(r) (see Fig. 14). The values of the
parameters and the initial conditions in the model equations are given in Table 2.
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Figure 14. Smoothening function

Parameters Description Value
v Directed tip velocity 0.5
d� Hyphal inactivation rate 0.5
di Inactive Hyphae loss rate 0
� Branching rate 103

� Anastomosis rate 104

c1 Uptake rate of external substrate 900
c2 Growth rate - amount of substrate required to extend a hyphal tip 1
c3 Uptake of external substrate 103

c4 Active translocation cost 10¡8

Dn Tip avoidance cost 0.1
Di Internal substrate diffusion coefficient 10
Da Active translocation rate 10
De External substrate diffusion coefficient 0.3456
�0 initial active hyphal density 0.1 [1/cm]
�0' initial inactive hyphal density 0 [1/cm]
n0 initial hyphal tip density 0.1 [1/cm2]
si0 initial internal substrate concentration 0.4 [mol/cm2]
se0 initial external substrate concentration 0.3 [mol/cm2]

Table 2. Parameter values and initial conditions.

3.3 Results

The five model equations are solved simultaneously using time-dependent solver on the two-dimen-
sional domain. The solver uses Backward Differentiation Formula (BDF) method with free time-
stepping which allows the solver to take time steps as needed for the specific tolerance. The analysis
of the solution is done via various plots as discussed below.

3.3.1 Surface Plots

Surface plots show how the quantities evolve with time over the two-dimensional domain. Fig. 15
shows the growth of the biofilms over the period of 10 days. More specifically, it shows how each
component of the biofilm grows. The solutions can be seen as travelling waves moving radially
outward from the inoculation site which is at the centre of the domain. In Fig. 15(a), the Active
Hyphal Density decreases as it spreads out occupying the domain. In contrast, the Inactive Hyphal
Density (Fig. 15(b)) increases as the biofilm grows. This is in accordance with the logic that the
active hyphae starts to become inactive at a specific rate starting from the centre. Since hyphal

17



tips lead the growth, Fig. 15(c) shows the spreading of the tips. Initially, the tips are highly
concentrated at the centre and as the biofilm grows, new tips emerge at the boundary of the growing
front. The Internal Substrate concentration (Fig. 15(d)) looks similar to the Hyphal tip density
solution, and this could be due to the way in which the model is formulated. Finally, the External
Substrate concentration (Fig. 15(e)) is the complement of the Internal Substrate concentration plot
because as the hyphae grows, it takes in nutrients from the external substrate and subsequently
increasing the internal substrate. But the surface plot does not give us any more information on
the dynamics of the growth of each of the quantities. So, we move to other plots.

t=0thday t=5thday t= 10th day

(a)

(b)

(c)

(d)

(e)

Figure 15. Surface plots of (a) Active Hyphal Density, (b) Inactive hyphal density, (c) Hyphal tip density,
(d) Internal substrate concentration, and (e) External substrate concentration at different time instants as
shown.
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3.3.2 Point plots

To know how each of the quantities are affected by changes in the initial condition of external
substrate concentration (seinitial), all of them are plotted at a point (x; y)= (0.4cm; 0cm) (see Fig.
16(a),(b)) against time. seinitial is given values of 0.29; 0.30; 0.40; 0.60: Point to note is that the
external substrate is kept homogeneous as a start to get the sense of the growth. In Fig. 16(b), the
peak in Active Hyphal density reaches quicker for se=0.6 when compared to others. Consequently,
the Inactive Hyphal density also reaches a higher value for se= 0.6: The Hyphal Tip density and
Internal Substrate concentration values follow a very similar trend where there is an initial rise in
magnitude followed by a steady decrease. The External Substrate concentration falls rapidly for
se=0.6 case. This means that the biofilm grows faster in the presence of a higher external substrate
concentration. Overall, the growth seems to start after a day which matches most experimental
observations.

(a)

(b)

Figure 16. Point plot of the quantities for different initial External Substrate concentration (se) values. (a) The
red dot at (x; y)=(0.4cm;0) depicts the point at which the quantities are plotted against time. (b) Point plots.

Fig. 17 shows how few quantities fare against other quantities at the same point shown in Fig.
16(a). Active Hyphal density spikes initially when the inactive hyphal density is negligibly small.
As growth happens, hyphae starts to become inactive and that leads to a steady decrease in Active
hyphal density (Fig. 17(a)). A higher initial External substrate concentration leads to a higher
initial spike in Active hyphal density and then a longer steady decrease in active hyphal density.
When External substrate and Active Hyphal density are plotted against each other (Fig. 17(b)),
there appears to be a threshold value of se crossing which there is spike in the Active Hyphal
density. For se= 0.6 case, the threshold is around 0.37 and as the initial se value is decreases, the
threshold value also comes down correspondingly. The Active Hyphal density reaches a maximum
when the External substrate concentration reaches a low enough value. After that there is a
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decrease in active hyphal density as the External substrate gets fully depleted. Similar argument
can be made for the External substrate vs Internal substrate plot (Fig. 17(c)).

(a)

(b)

(c)

Figure 17. Point plots of a quantity against another quantity for different initial External substrate
concentration (se) values. The point at which the quantities are plotted is the same as shown in Fig. 17(a).
(a) Active hyphal density vs Inactive hyphal density, (b) se vs Active hyphal density, and (c) se vs si.

3.3.3 Line plots

It is a good idea to know how the profile of each of the quantities vary as growth happens. For
this, the quantities are plotted along a diameter (Fig. 18(a)) at different time instants. The x-axis
is the arc length starting from 0 which corresponds to (¡2cm; 0cm) in the domain and ends at 4
which corresponds to (2cm;0cm) in the domain. The Active Hyphal density starts off having a tall
peak at the inoculation site (around arc length = 2cm) (Fig. 18(b)). Then as growth starts, the
amplitude of the peak decreases and the base starts to spread out towards the boundaries. The
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Hyphal Tip density decreases in the 1st day but increases the following days while also spreading
towards the boundaries(Fig. 18(c)). The Internal Substrate concentration increases and spreads
towards the boundaries (Fig. 18(d)). External substrate concentration is constant initially and its
depletion starts from the centre proceeding towards the boundaries (Fig. 18(e)).

(a)

(b) (c)

(d) (e)

Figure 18. Line plot along the diameter of the domain for (se)0= 0.3mol/cm2. (a) The red line depicts the
diameter along which the quantities are being plotted. Line plot of (b) Active hyphal density, (c) Hyphal tip
density, (d) Internal substrate concentration, and (e) External substrate concentration at different time instants
as shown in the legend.

3.3.4 Active vs Passive Translocation in Homogeneous environment

It is known that, in a heterogeneous environment, a fungi uses resources from nutrient-rich region
to support its growth in nutrient-poor regions. This implies that the nutrient are being internally
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transported (translocated) within the mycelium. There has been evidence of two different mecha-
nisms for translocation [12][13]: Passive (diffusion-driven) and Active (metabolically-driven).

These two mechanisms are considered while formulating the model. In Eq. (4), the term Di�rsi
correpsonds to Passive translocation and the term Da�sirn corresponds to Active translocation.
To differentiate between the roles of each mechanism,Da was turned to zero for growth in a homoge-
neous environment (seinitial=constant). Making Da=0 means there will be no Active translocation.
And, to isolate the effect of translocation, the external substrate diffusion coefficient (De)(see Eq.
(5)) was made zero. Fig. 19 shows the results. Non-zero values of Da and De are as mentioned
in Table 2.

The plots in Fig. 19 show that keeping De non-zero and changing Da from a non-zero value to a
zero value has negligible effect on the solution (Blue and yellow lines are very close together). This
means that invoking active translocation is not advantageous in a homogeneous environment. Proof
that passive translocation indeed happens is in the plot with both Da=De=0 (red line). Since
De=0, there is no diffusion of nutrients from outside to inside. So whatever growth happens, that
must be completely due to the internal substrate. Another proof that active translocation is not
advantageous for growth of filamentous fungal biofilms in a homogeneous environment is shown
in Fig. 20. This plots the three quantities when both Da=De=0 and when only De=0. There is
very negligible difference in the solutions.

(a) (b)

(c) (d)

(e)

Figure 19. Point plots of (a) Active Hyphal Density, (b) Inactive Hyphal Density, (c) Hyphal Tip Density,
(d) Internal Substrate Concentration, and (e) External Substrate Concentration, for different combinations
of Da and De values as shown in legends. seinitial= 0.3mol/cm2
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(a)

(b)

(c)

Figure 20. Point plots of (a) Active Hyphal density, (b) Inactive Hyphal density, and (c) Hyphal tip
density, for zero and non zero values of Da and De. seinitial= 0.3mol/cm2

One more proof that translocation is indeed happening is given by considering a new case along
with the previously mentioned ones. The new case has a Localised Resource where the External
Substrate is a non-zero constant value only in the region of inoculation and is zero elsewhere (Fig.
21). In other words,

seinitial= 0.3mol/cm2 for r6 0.2cm and zero otherwise

Since there is no substrate outside of the inoculation site, the growth must be due to the already
diffused nutrients from the inoculation site and internally transported. Comparing the cases of
both onlyDe=0 (red) and only De=0 with Localised Resource (purple), the latter shows lesser

growth. This seems to tell that active translocation in a homogeneous environment uses up a lot
of energythat it causes a net drain of resources. All these results are similar to that obtained in
[12][13].
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(a) (b)

(c) (d)

(e)

Figure 21. Point plots of (a) Active Hyphal Density, (b) Inactive Hyphal Density, (c) Hyphal Tip Density,
(d) Internal Substrate Concentration, and (e) External Substrate Concentration, for different combinations of
Da and De values as shown in legends. seinitial= 0.3mol/cm2

3.3.5 Inoculum distributed all over the domain (Homogeneous environment)

To match the experimental setup in [1] as close as possible, 16 inoculation sites each of radius 0.2cm
was distributed in a symmetric manner (Fig. 22). The initial and boundary conditions are kept
the same as mentioned in Section 3.2, with the only difference that instead of a single inoculation
site at the centre, there are 15 more sites distributed all over the domain.

Fig. 23 shows the surface plots of all the quantities at three different time instants. The radially
propagating waves from every inoculation site interact with each other. Not much information
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can be gathered from the surface plots, so moving to the line plots (Fig. 24(b)) where the Total
Hyphal density (= active hyphal density + inactive hyphal density), Hyphal tip density, Internal
substrate concentration, and External substrate concentration are plotted along the diameter line
as shown in Fig. 24(a). The common observation from these plots is that as the biofilm grows,
there is a larger amount of hyphal density, tip density and internal substrate concentration near
the boundaries when compared to the centre of the domain. The external substrate also matches
the trend with a little higher value in the central region compared to near the boundaries (more
external substrate is depleted near the boundaries). Experimental observations in [1] show that
the biofilm is denser near the boundaries than at the centre.

Figure 22. Geometry and Meshing for the distributed inoculum case.
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0th day 5th day 10thday

(a)

(b)

(c)

(d)

(e)

Figure 23. Surface plots of (a) Active hyphal density, (b) Inactive hyphal density, (c) Hyphal tip density,
(d) Internal substrate concentration, and (e) External substrate concentration, on 0th; 5th; and 10th day.
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(a)

(b) (c)

(d) (e)

Figure 24. (a) The Cut line along which the line plots of (b) Total hyphal density (active + inactive), (c) Hyphal
tip density, (d) Internal substrate concentration, and (e) External substrate concentration, are plotted at different
time instants as shown in the legend. seinitial= 0.3mol/cm2

4 Further work

Analysing the distributed inoculum case further by introducing heterogeneity in the external sub-
strate to closely mimic the experimental conditions would be the next step. Solutions from that
would be the perfect candidate to test the validity of this model against the experimental obser-
vations. Also incorporating the agitation into the equations (as done experimentally in [1]) and
possibly obtaining the values of the parameters (Table 1) for Neurospora Discreta [1] to match the
experiment will also be an avenue to focus on.
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